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A Comment on Surgical Eigenstructure Assignment
via State Feedback
Abdullah Al Maruf and Sandip Roy
Abstract—Assignability of all eigenvalues and a subset of key
eigenvectors/generalized eigenvectors of a linear time-invariant
system via state feedback is considered. We clarify that, if the
key eigenvectors/generalized eigenvectors and their associated
eigenvalues satisfy the classical conditions for full eigenstructure
assignment, the remaining eigenvalues can be assigned at will.
Index Terms—Linear time invariant system, state feedback,
eigenstructure assignment.
The problem of assigning all eigenvalues and a set of
key eigenvectors of a linear time-invariant system via state
feedback arises in a number of contexts, including in malicious
control of the power grid and secure management of multi-
agent systems [1]. Efforts on this problem – which we refer
to as the surgical eigenstructure assignment problem – have
relied on the techniques for full eigenstructure assignment
[2], [3], which allow for assignment of all eigenvalues and
eigenvectors of a linear system given that the eigenvectors
meet certain criteria. However, these techniques do not pro-
vide a complete solution to the surgical assignment problem,
as they do not indicate whether and how the unspecified
eigenvectors (i.e., the eigenvectors other than the few key
specified eigenvectors) can be chosen to meet the criteria
for assignability. A separate track of research on partial
eigenstructure assignment, which is broadly concerned with
assigning a subset of eigenvalues and/or eigenvectors while
holding fixed the remainder of the spectrum, also bears on the
surgical assignment problem [4], [5]. However, the work in this
area has has limiting assumptions (e.g. assuming distinctness
of the assigned eigenvalues), and/or do not allow for simple
verification of assignability.
In this comment, we clarify that a solution to the surgical
assignment problem can be obtained, by adapting the clas-
sical methods for full eigenstructure assignment developed
by Moore et al [2], [3], and using them in tandem with a
generalization of a partial eigenstructure assignment approach.
The solution is complete, in the sense that eigenvalues with
unspecified eigenvectors can be assigned at will provided that
the specified eigenvalues/eigenvectors meet the criteria given
in [2], [3].
Formally, the following system is considered:
x˙ = Ax+Bu (1)
where x ∈ Rn and u ∈ Rm are the state and input. The
pair (A,B) is assumed controllable. A static state feedback
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controller u = Fx is applied. Our goal is to determine whether
and how the feedback gain F can be designed, so that: 1) r
closed-loop eigenvalues are placed at L1 = {λ1, λ2, · · · , λr}
and the corresponding eigenvectors or generalized eigenvec-
tors are placed at V1 = {v1,v2, · · ·vr}; and 2) the remaining
n− r eigenvalues are placed at L2 = {λr+1, λr+2, · · ·λn}. It
is assumed that L1 and L2 are self-conjugate sets.
The feedback control gain is constructed as a sum of two
terms (F = F0 + F1), which are designed sequentially.
Specifically, the full eigenstructure assignment algorithm of
Moore [2] and its generalizations [3] are adapted to assign
the eigenvalues in L1 and associated eigenvectors V1 using
the gain F0 (provided that the eigenvectors fall in certain
subspaces as developed in [3]). Then a generalization of the
partial eigenstructure assignment method in [4] is developed
encompassing generalized eigenvectors, which holds fixed the
already assigned eigenstructure while allowing assignment of
the remaining n− r eigenvalues at will using the gain F1.
In [2], Moore identified necessary and sufficient conditions
on the target eigenvector set for full eigenstructure assignment
with distinct eigenvalues; the case with repeated eigenvalues
and generalized eigenvectors was subsequently addressed in
[3]. Here, we assume that the partial set V1 satisfies com-
mensurate conditions. Specifically, it is assumed that (i) V1
is a set of r linearly independent vectors within Cn, (ii) the
target eigenvectors and generalized eigenvectors in V1 associ-
ated with conjugate eigenvalues form conjugate vector spaces
(vk = v¯i if λk = λ¯i), and (iii) for all i = 1, 2, · · · , r there
are certain zi ∈ C
q for which (a) [(A − λiIn) B][
vi
zi
] = 0
when vi is an eigenvector, or (b) when vi is a generalized
eigenvector then [(A−λiIn) B][
vi
zi
] = vk; k ∈ {1, 2, · · · , r}
where vk is the previous eigenvector/generalized eigenvector
in the Jordan chain associated with a common eigenvalue in
L1. We note that assumption (iii-b) implicitly requires that
the eigenvector and generalized eigenvectors forming a Jordan
chain are (partially) specified in sequence in V1.
In analogy with [2], [3], provided that assumption (iii) above
holds, the closed-loop matrix A+BF0 is immediately seen
to have eigenvalues L1 and corresponding eigenvectors and
generalized eigenvectors V1 if the following equation holds:
F0 [v1 v2 · · · vr ] = [z1 z2 · · · zr ] (2)
From assumption (i), the system of linear equations (2) neces-
sarily has a solution for F0. Indeed per assumption (ii), from
standard manipulation of linear equations with conjugated
coefficients, it can be shown that (2) has a real solution F0. For
r < n, the system of equations is underdetermined and has an
infinite number of solutions; we choose F0 as any real solution
2of (2). For this choice, A+BF0 has r eigenvalues at L1
and corresponding eigenvectors and generalized eigenvectors
at the desired V1, however the remaining eigenvalues and
corresponding eigenspaces have not been specified. Let us
denote these eigenvalues of A + BF0 as the set L
0
2 =
{λ0r+1, λ
0
r+2 · · · , λ
0
n}, and the corresponding eigenvectors and
generalized eigenvectors as V02 = {v
0
r+1,v
0
r+2, · · · ,v
0
n}. We
notice that these sets are self-conjugate.
It remains to design F1 to place the remaining eigenvalues
of the closed-loop system
(
A+BF = A+B(F0 + F1)
)
at
the target values in L2. This can be done via a generalization
of the partial eigenstructure assignment method in [4], which
allows for non-distinct and defective eigenvalues. To undertake
the design, notice thatA+BF0 can be expressed via a Jordan
decomposition and permutation as A+BF0 = V0Λ0W0
where V0 = [v1 · · ·vr v
0
r+1 · · · v
0
n], Λ0 is an upper triangu-
lar matrix whose first r diagonal entries are given by L1 and
remaining n− r diagonal entries are given by L02, and W0 =
V
−1
0 contains the left eigenvectors and generalized eigenvec-
tors of A+BF0. It is convenient to further manipulate this
expression for A+BF0 so that the factors are real matrices.
Specifically, via a standard manipulation, it can be shown that
A+BF0 = V0 Λ0 W0, where V0 is formed from V0 by
replacing conjugate columns by their real and imaginary parts;
Λ0 is formed from Λ0 by replacing 2× 2 diagonal principal
submatrices of the form
[
λ 0
0 λ¯
]
with
[
Re(λ) Im(λ)
−Im(λ) Re(λ)
]
; and
W0 = V0
−1. To continue, we notice Λ0 can be partitioned
as Λ0 =
[
Λ
011
Λ
012
0 Λ
022
]
, where the eigenvalues of the blocks
Λ011 ∈ R
r×r and Λ022 ∈ R
(n−r)×(n−r) are given by L1 and
L02 respectively. Also, we commensurately partition V0 and
W0 as V0 = [V01 V02] and W0 = [W
T
01 W
T
02]
T .
To achieve the design, we select the gain F1 to have the
form F1 = DW02, where D ∈ R
q×(n−r), and consider
the spectrum of A+BF = (A + BF0) + BF1. From the
form of F1, it follows that F1vi = 0 for i = 1, 2, . . . , r.
Hence, A+BF is verified to have eigenvalues at the target
values specified in L1, with corresponding eigenvectors and
generalized eigenvectors as specified in V1. To determine the
remaining eigenvalues of A+BF, notice that the matrix is
similar toW0(A+BF)V0, and hence the two matrices have
identical eigenvalues. However with some algebra, it is seen
that
W0(A+BF)V0 =
[
Λ011 Λ012
0 Λ022
]
+
[
W01B
W02B
] [
0 D
]
(3)
From this form, the remaining eigenvalues of A+BF are
seen to be the eigenvalues of Λ022 + B2D, where B2 =
W02B. The eigenvalues Λ022 + B2D can be assigned at
will by designing D if the pair (Λ022,B2) is controllable.
From the expression (3), however, it is also apparent that the
pair (Λ022,B2) is controllable since (A,B) has been assumed
to be controllable. Thus, we have verified that the remaining
eigenvalues of A+BF can be placed at will through solu-
tion of a lower-dimensional eigenvalue assignment problem,
including at the locations specified in L2. Thus, a complete
solution to the surgical eigenstructure assignment problem has
been developed. We formalize this result as a theorem.
Theorem: For the controllable system (1) real valued state
feedback controller F can be designed to: 1) place any r
closed-loop eigenvalues at any L1 = {λ1, λ2, · · · , λr} and
their corresponding eigenvectors/generalized eigenvectors at
any V1 = {v1,v2, · · · ,vr}, and 2) place remaining n − r
closed-loop eigenvalues at any L2 = {λr+1, λr+2, · · · , λn}
provided that the following conditions hold: (i) V1 is a set of
linearly independent vectors in Cn, (ii) V1 is a self conjugate
set such that vk = v¯i and λk = λ¯i where i, k ∈ {1, 2, · · · , r},
(iii) for all i = 1, 2, · · · , r there are certain zi ∈ C
q for
which (a) [(A − λiIn) B][
vi
zi
] = 0 when vi is a target
eigenvector or, (b) when vi is a target generalized eigenvector
then [(A − λiIn) B][
vi
zi ] = vk; k ∈ {1, 2, · · · , r} where vk
is the previous target eigenvector/generalized eigenvector to
vi in the Jordan chain associated with a common eigenvalue
(i.e. λk = λi), and (iv) L1 and L2 are self-conjugate sets. 
Several remarks about the result are worthwhile:
1. The design of the gain F1 is similar to the designs of
spectrum-preserving controllers for partial eigenvalue assign-
ment, however generally an orthogonal transformation rather
than a Jordan decomposition is used for computational reasons
[6], and hence at-will assignment is not proven in these studies.
2. Our analysis indirectly gives insight into the classical work
on full eigenstructure assignment by Moore and co-workers
[2], [3]. In particular, our result shows that, no matter how the
independent eigenvectors associated with a subset of eigen-
values are chosen within the designated spaces (condition (iii)
above), it is always possible to select eigenvectors associated
with the remaining eigenvalues to form a full complement.
This suggests an alternative way to achieve surgical assign-
ment: rather than undertaking a two-stage design, one can
directly compute eigenvectors and generalized eigenvectors
associated with the eigenvalues in L2 via linear-algebraic
means to satisfy the above conditions, with the guarantee
that such eigenvectors can always be found; then the design
algorithms in [2], [3] can be used directly.
3. The analysis can be generalized to encompass the uncontrol-
lable case, with the uncontrollable eigenvalues and associated
left eigenvectors simply remaining fixed. Details are omitted.
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